Solutions to the 2017 Olympiad Cayley Paper

C1. Four times the average of two different positive numbers is equal to three times the
greater one. The difference between the numbers is three less than the average.

What are the two numbers?

Solution

It is good to give the numbers names, so let themdmlb, whereb is the larger. The
first fact we are given says that

and the second says that

b—a=a+b—3.
2

We may simplify the first fact to obtaia + b) = 3b, thatis,2a = b; multiplying
the second fact by two, we gt — 2a = a + b — 6, thatisb = 3a - 6.

Equating these values bfwe get2za = 3a — 6, thatis,6 = a, and hencé = 12.
So the two numbers are 6 and 12.




C2. The diagram shows three adjacent vertised and

C of a regular polygon with forty-two sides, and a
regular heptagoABDEFGH. The polygons are
placed together edge-to-edge.

Prove that triangI8CD is equilateral.

Solution

One can prove that a triangle is equilateral in several F

different ways, and the diagram gives a few hints

about which will be easiest. Two of the sides and oneC E
of the angles look more important than the other side

and the other two angles, so we'll talk about them.

All sides of the heptagon are of equal length, so D
AB = BD; similarly all sides of the 42-sided polygon
are of equal length, s&B = BC. ThusBD = BC, X

making triangleDBC isosceles. A B‘“"\
C

We'll now compute the ang@BC by extending the
common side of the two polygonsXopas shown in
the diagram alongside. We see that al€ is the
sum of the external angles of two regular polygons.

Thus

«/DBC = ZDBX + £XBC
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HenceDBC is an isosceles triangle with an angléof, which means that it is
equilateral.



C3. Peaches spends exactly £3.92 on some fruit, choosing from apples costing 20p each and
pears costing 28p each.

How many of each type of fruit might she have bought?

Solution

First we should try to translate this word problem into algebraa betthe number of
apples angh the number of pears, then what we have is26at+ 28p = 392.

All these numbers are divisible by 4, so we may divide each term by 4 to obtain

5a+ 7p = 98.

Now 98 is a multiple of 7, antp is always a multiple of 7, Ssa is also a multiple of 7.

This means that itself is a multiple of 7.

So we can hava = 0(givingp = 14),ora = 7(givingp = 9), ora = 14 (giving

p = 4). We can't taka to be a higher multiple of 7, such as 21 or more, because then

5a > 105, so tha0a > 240, which means that Peaches would be spending more on
apples than she spends altogether.

Hence the numbers of each type of fruit that Peaches might have bought are shown in the
following table.

Apples Pears

0 14
7 9
14 4




C4. The pointX lies inside the squaBCD and the poinY lies outside the square, in such a
way that triangleXAB andYAD are both equilateral.

Prove thaXY = AC.

Solution
See the diagram alongside. D C
We'll start by working out some anglesfat

since that is the vertex where the most is going
on. %
Firstly, Z/DAB = 90° sinceABCD is a square.

Also, each of anglesAB andYAD is 60° since

each of the triangle¥AB andYAD is equilateral.

Therefore
ZYAX

ZYAD + ZDAB - ZXAB
60° + 90° - 60°

= 90°.

Also, since each of the equilateral triangles shares a side with the square, they have sides
that are the same length as the side of the square. In parfitular, AB andAX = BC.

It follows that the triangle¥ AX andABC are congruent (SAS), and hengg = XY.



C5. In a sports league there are four teams and every team plays every other team once. A
team scores 3 points for a win, 1 point for a draw, and 0 points for a loss.

What is the smallest number of points that a team could have at the end of the league and
still score more points than each of the other teams?

Solution

There are six games, and each game contributes 2 or 3 points in total, depending on
whether it was drawn or won, so the total number of points in the lea@je is, where

w is the number of won games. So the total number of points in the league is at least 12
and at most 18.

Consider the number of points at the end of the league scored by a team scoring more
points than every other team.

3 points or fewer

There are at least 9 other points scored in the league, and so it's not possible for every
other team to score 2 points or fewer: that makes at most 6 points.

4 points
The only way for a team to score 4 points is 3 + 1 + 0, so there are at least two won
games. That means that the total number of points is at least 14 points, so the other

teams have at least 10 points between them. It is thus not possible for each of them to
score 3 points or fewer: that makes at most 9 points.

5 points
This is possible: label the teams A, B, C and D; if A beats D but every other game is
drawn, then A has 5 points, two of the other teams have 3 points and one has 2 points.

Hence the answer is 5.



C6. We write‘pq’ to denote the two-digit integer with tens digénd units digif.

. : C .
For which values o, b andc are the two fractlongtra, andﬁ equal and different
from 1?

Solution
Write this using ‘proper’ algebra: the question asks us to find solutions to

10a + b B 10b + ¢ 1)
10b + a 10c + b’

wherea, b andc are integers from 1 to 9 (none of them can be 0 becabisand so on
are two-digit numbers).

Multiplying each side of (1) bylOb + a)(10c + b), we obtain
(10a + b)(10c + b) = (10b + ¢)(10b + a),

that is,

100ac + 10(ab + bc) + b? = 100b° + 10(ab + bc) + ac,

so that

100ac + b®* = 100b° + ac.

But a, b andc are integers between 1 and 9, hefcandac are between 1 and 81.
Thereforeb? andac are less than 100, wherek9ac and100b? are greater than 100. It
follows thatb? = ac.

Note thata # b (otherwisea = b and therb = ctoo, sothad = b = c).

Remembering that, b andc are integers from 1 to 9, we get the values shown in the
following table.

a c
b in either order
1,4
1,9
2,8
4,9
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Solutions to the 2017 Olympiad Hamilton Paper

H1. The diagram shows four equal arcs placed on the
sides of a square. Each arc is a major arc of a circle
with radius 1 cm, and each side of the square has
lengthv/2 cm.

What is the area of the shaded region?

Solution

Join the centres of the circles, as shown in the diagram alongside,
to form a quadrilateral whose sides have length 1 cm + 1 cm. Each A

angle of this quadrilateral is equal to 90° from the converse of 0
Pythagoras' Theorem, since we are given the ‘inner’ square has ‘<\
sides of length/2 cm. Because it has equal sides. it follows that D

the quadrilateral is a square.

The shaded region comprises this square and four sectors of circles,
each of radius 1 cm and angle 270°, thus its area is equal to
2x2+4x3x7x1? incm?,

Therefore, ircn?, the shaded area is equalite- 3.



H2. A ladybird walks fromA to B along the edges of the
network shown. She never walks along the same edge
twice. However, she may pass through the same point A B
more than once, though she stops the first time she
reaches.

How many different routes can she take?
Solution
Label the centre poirX, as shown in the diagram alongside.

Clearly any route that the ladybird takes frérto B passes
throughX, and she stops the first time she readhes A X B

Therefore the number of different routes that the ladybird can take is equal to
(the number of routes frolto X) x (the number fronx to B).

The number of routes froto X is equal to

(the number of ‘direct’ routes fromto X) + (the number fronA to X that visitX twice),

which is 3 + 3 x 2.

However, the number of routes frotto B is just 3, since the ladybird stops the first
time she reachdd so that it is not possible for her to viXiagain. Thus the total
number of different routes that the ladybird can take is 9 x 3, which equals 27.



H3. The diagram shows squaBCD andEFGD. The length of
BF is 10 cm. The area of trapezilBEGF is 35cn?.

What is the length oAB?

Solution

The pointF lies on the diagon&D of the squarédBCD, so
that ZFBC is equal ta45°. Let pointX lie onBC so that
ZFXB = 90°, as shown in the diagram alongside. Then
ZXFB = 45° from the angle sum of triangBXF; it

follows from ‘sides opposite equal angles are equal’ that
BX = XF.

Now, using Pythagoras' Theorem in trianBKF, we obtain
XF = 5/2cm. ButCGFX is a rectangle, so th@G = XF.

Let the length oAB bea cm. Then
1x5/2x(2a-5/2) = 35and s®®?a — 5/2 =

NI

Hence2a = 5V2 + 14?, sothal = 6v2.
Therefore the length @B is 6v/2 cm.

C




H4. The largest of four different real numberslis¥hen the numbers are summed in pairs,
the four largest sums are 9, 10, 12 and 13.

What are the possible valuesdi

Solution

Let the other three different numbersayé andc, in increasing order. Then each of
them is less thad, so thatt + d is the largest sum of a pair. The next largebtis d,
because it is larger than any other sum of a pair. But we do not know wihetheor
a + dis next (though each of these is larger than c, which in turn is larger than

a + b). There are thus two cases to deal with, depending on wiether < a + d or
a+d<b+ec

b+c<a+d

We have
b+c=09, D
a+d = 10, (2
b+d-=12 )
and c+d =13 (4)

From equations (1), (3) and (4), we find tBdt = 16, so thad = 8.

a+d<b+c

We have
a+d=9 ()
b+ c = 10, (6)
b+d=12 (7
and c+d =13 (8)

From equations (6) to (8), we find tH&d = 15, so thad = 7.5.

In each case, it is possible to find the values, bfandc from the equations, and to
check that these fit the conditions in the question.

Therefore the possible valuesdére 7.5 and 8.



H5. In the trapeziunABCD, the linesAB andDC are parallelBC = AD, DC = 2AD and
AB = 3AD.
The angle bisectors afDAB and ZCBA intersect at the poirl.

What fraction of the area of the trapezi@dBCD is the area of the trianghBE?

Solution

Let BC = AD = k, so thatDC = 2k andAB = 3k, and let the poinX lie on AB so that
XBCD is a parallelogram, as shown in the diagram on the left below. It follows that
DX = k andXB = 2k (opposite sides of a parallelogram), so tat= k.

Hence triangledXD has three equal sides—it is therefore an equilateral triangle. In
particular, this means that andd@X is equal ta60°.

A X B A B

As a consequence, the trapeziABCD is actually made up from five equilateral
triangles, as shown in the diagram on the right above.

Now the triangléABE comprises one equilateral triangle and two half-rhombuses. The
area of the two half-rhombuses is equal to the area of two equilateral triangles.

Therefore the area of the triangiBE is £ of the area of the trapeziuABCD.




H6. Solve the pair of simultaneous equations
X +3 =10 and

10
3+y=—.
y X
Solution
First, let us number the two given equations, so that it is easy to refer to them.
X + 3y = 10 ey
10
3+y=— 2
y =7 (2

It is possible to eliminate one of the two unknowns by substituting from equation (2) into
equation (1), but this leads to a cubic equation. We present another method that avoids

this.

By subtracting« x equation (2) from equation (1), we get
X +3y-3x—-xy=0

so that

xX-3)(x-y) = 0.

Hence eithex = 3orx = y. We deal with each of these two cases separately.

X =3
Using equation (1), say, we obtain= 3.

X =
U;ng equation (1) we obtain
X + 3 = 10
so that
X +3-10 =0
Hence

X-2(Xx+5 =0,

and therefore either = 2 orx = -5. Whenx = 2theny = 2; whenx = -5then
y = -5

By checking in the two given equations, we find that all three solutions are valid. Thus
there are three solutions of the simultaneous equations, namely

eitherx = -5andy = -5
orx = 2andy = 2,
orx = 3andy = 1.



Solutions to the 2017 Olympiad Maclaurin Paper
M1. The diagram shows a semicircle of radius
inside a right-angled triangle. The shorter edges / \
of the triangle are tangents to the semicircle, and
have lengths andb. The diameter of the b a
semicircle lies on the hypotenuse of the trianglt;/

Prove that

[e]
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Solution

A 0 B
Label the points as shown above, and ito P, Q andC.

Method1
The area of triangl@OC is 3rb, that of triangleBOC is 3ra and that of triangl&BC is
tab
2 .
Hence, adding, we have
sab = 4rb + dra

Dividing each term byabr, we obtain
1 1,1
a b
Method2
AQ = b - r. The triangleAOQ andABC are similar (AA), so that

r a

b-r b
Multiplying each side by (b — r), we get
rb = ab — ar
and now, dividing each term Iapr, we obtain
1

_ 1.1
r a b



How many triangles (with non-zero area) are there with each .
of the three vertices at one of the dots in the diagram? .

Solution

Method1
There are 17 dots in the array, and we must choose 3 of them to obtain a triangle.

This can be done i(»,137) = 680 ways. However, some of these triangles have zero

area.
The triangle will have zero area if we choose all three dots on the same line. Hence

the number of triangles of zero are i = 2 x 84 = 168.

So there are 512 triangles of non-zero area.

Method?2

We may choose two points on the line across the p{gi% ir 36 ways, and one

point on the line up the page in 8 ways. These choices give rise to 8 x 36 = 288
triangles of non-zero area.

Similarly we obtain another 288 triangles from two points on the line up the page
and one on the line across the page.

But we have counted twice triangles with a vertex at the point where the lines meet,
and there ar8 x 8 = 64 of these. So altogether we h&v/ex 288 — 64 = 512
triangles.



M3. How many solutions are there to the equation
m* + 8n® + 425 = n* + 42n7,
wherem andn are integers?

Solution
By ‘completing the square’, we may rewrite the equation in the form

(n? - 21) = (® - 4)".
Then, taking the square root of each side, we get
- 21 = £(n? - 4).
Hence there are two cases to consider.
m -21=n-4
In this case, we have
n - n’ = 21 - 4,
so that
(m-n(m+n) = 17.

Therefore, because 17 is prinme,— nandm + nare equalto 1 and 17, et and
(—17, in )some order. Thus in this case there are four solutiorigfar), namely
+9, +8).

m - 21 = —(n? - 4)
In this case, we have
m+n’ =21+ 4
Hence
n+n =5
Now a square is nhon-negative, so that< m n < 5.

Thus in this case there are twelve solutiongrigrm), namely(0, +£5), (£5, 0),
(£3, +4) and(x4, +3).

Therefore altogether there are sixteen solutions to the given equation.



M4. The diagram shows a squa®RS with sides of length 2. S
The pointT is the midpoint oRS andU lies onQR so
that£/SPT = £TPU.

What is the length df) R?

Solution
Let F be the point of?U so thatZTFP = 90° and S 1

join T toF andU, as shown. Then triangl&3'S
andPTF are congruent (AAS), so thak = 1.

Hence triangleIURandTUF are congruent
(RHS), so tharRTU = ZUTF.

Now the four angles &t are angles on the straight 2
line RTS so they add up tb80°. It follows that

ZRTU = £SPT.

Therefore triangleRTU andSPT are similar (AA),

so that
UR TS 1 P
RT & 2

ThusUR = 4.



M5. Solve the pair of simultaneous equations

(a + b)(a® - b?) = and

NTRE RN

(a-b)(a® + b°) =

Solution

Sincea? — b?> = (a - b)(a + b), we may write the first equation as

(a+by*(a-b) = 4.

Note thata — b # 0, since this would make the left-hand side of both equations zero,
which is impossible. Hence we can divide the first equation by the second and cancel
the terma — b to produce

(a+b? 8
2+ 5
Multiplying each side b (a? + b?) we get
5(a + b)? = 8(a® + b?).
When we multiply this out and collect like terms, we obtain

0 = 3% - 10ab + 3b°

= (3a - b(a- 3,
so eithera = 3borb = 3a
We substitute each of these in turn back into the first equation.

a=23b
Thendb x 8b® = 4,sothab = 1anda =

Nlw

b= 3a
Thenda x (-8a%) = 4,sothat = -3 andb = -3.

Hence we have two solutiota b) = (3, ) or(a, b) = (-3, -3). These solutions
should be checked by substituting back into the second equation.



M6. The diagram shows a 10 x 9 board with se¥en 1 tiles
already in place.

What is the largest number of additional 2 x 1 tiles that

can be placed on the board, so that each tile covers exa
two 1 x 1 cells of the board, and no tiles overlap?

Solution

The first observation is that it is possible to add a
further 36 tiles to the grid. The diagram shows one way
of doing this: the additional tiles are lighter grey and
the uncovered squares are indicated.

There are 36 additional tiles in the grid, and four
squares are left uncovered.

We show that you cannot improve on this.

Colour the grid like a chessboard with alternating grey and white cells, as shown in
Figure 1.

Notice that any tile will cover one cell of each colour.

U

Figure 1 Figure 2 Figure 3

Suppose that each corner is left uncovered, as shown in Figure 2. Then the remainder of
the board consists of two separate ‘staircases’.

The upper staircase has 17 grey and 20 white cells, so that at most seventeen 2 x 1 tiles
may be placed here. Similarly for the lower staircase: at most seventeen 2 x 1 tiles may
be placed there. In other words, with this arrangement, at most 34 additional tiles may
be placed.

The only way to cover the corners whilst also reducing the excess in both staircases is to
place tiles in the corners as shown in Figure 3. This reduces the number of white cells in
the upper staircase by one, and reduces the number of grey cells in the lower staircase
by one. Once again at most seventeen tiles may be placed in each staircase, achieving at
most 36 additional tiles in total.

Therefore the greatest number of additional 2 x 1 tiles that can be placed on the board is
36.



